This paper studies the group consensus of discrete-time mixed-order multi-agent systems with fixed and directed interactive topology. First, group consensus protocols are designed for all agents to investigate the group consensus of mixed-order multi-agent systems without time delays. Under some assumptions on the interactive topology, sufficient conditions for group consensus are obtained based on matrix theory and graph theory, which are dependent on the sampling period and the control gains. Then, group consensus protocols are proposed for a case where communication delays exist. Sufficient conditions are also established for group consensus using Nyquist stability criterion. Finally, several simulation examples are given to verify the validity of the theoretical results.
I. INTRODUCTION
With the development of mobile robots and unmanned aerial vehicles, consensus of multi-agent systems has been widely studied [1] - [4] . Vicsek et al. introduced a simple model to describe the self-driven particle system, in which local control rules have been designed for all agents [5] . [6] simplified the model proposed in [5] and presented some consensus conditions by utilizing algebraic graph theory. The non-fragile consensus of nonlinear multi-agent systems was studied in [7] , where the sampled-data control technique with variable sampling period has been proposed to deal with the gain fluctuations of controllers.
Due to channel congestion and limitations of bandwidth, time delay often exists when information is passed from one agent to another. Hence, it is important to study the consensus of multi-agent systems with time delays. Xiao and Wang studied the consensus of first-order multi-agent systems with time-varying delays in [8] . For a class of general second-order multi-agent systems, consensus conditions were presented under which multi-agent systems with communication delays
The associate editor coordinating the review of this manuscript and approving it for publication was Yangmin Li . can achieve consensus [9] . In [10] , Park et al. investigated the consensus of leader-following multi-agent systems with interval time-varying delays. Average consensus of multi-agent systems was discussed in [11] , where time delays exist among agents.
Because of environment constraints or different objectives of multiple agents, the consensus states may be different for all the agents. It is meaningful to propose appropriate protocols to solve such a consensus problem, which is usually called the group consensus. Recently, group consensus of multi-agent systems has become a research hotspot and fruitful results have been achieved [12] - [16] . [12] gave some conditions for group consensus of first-order multi-agent systems with nonlinear input constraints. The group consensus of second-order multi-agent systems with virtual leaders was discussed in [13] . [14] designed distributed impulsive protocols to investigate the group consensus of second-order multi-agent systems with a leader. The bipartite consensus of linear multi-agent systems was addressed in [15] , where the signed communication graph was structurally balanced and had a directed spanning tree. The event-based control strategy was employed in [16] to study the leader-following group consensus problem of linear multi-agent systems.
[12]- [16] all focused their attention on the group consensus of homogeneous multi-agent systems, which are composed of agents with the same dynamics. However, in some applications, the considered multi-agent system is composed of agents with different-order dynamics, which is called the mixed-order multi-agent system. So far, much research has been done on the consensus of mixed-order multi-agent systems [17] - [19] . [17] studied the distributed consensus of mixed-order multi-agent systems by applying matrix theory and graph theory. The stationary and dynamical consensus of mixed-order multi-agent systems with time delays were considered in [18] and [19] , respectively.
It is worth noting that most of the existing literatures investigated the consensus of multi-agent systems or the group consensus of homogeneous multi-agent systems, and only a few results were obtained on the group consensus of mixed-order multi-agent systems. [20] investigated the group consensus of mixed-order multi-agent systems, where sufficient conditions for group consensus have been presented. The group consensus of discrete-time mixed-order multi-agent systems was studied in [21] , in which matrix theory and graph theory have been utilized to derive sufficient conditions for group consensus. In [20] and [21] , agents in the same subgroup have the same dynamics, where one subgroup is composed of first-order agents and another subgroup consists of second-order agents. However, it is practical to address the multi-group consensus problem, where the considered mixed-order multi-agent system is divided into multiple subgroups at random. [22] - [25] investigated this kind of group consensus. [22] and [23] studied the group consensus of discrete-time mixed-order multi-agent systems with time delays, while [24] and [25] addressed the group consensus of continuous-time mixed-order multi-agent systems.
In this paper, we follow the work of [21] - [25] to study the group consensus of mixed-order multi-agent systems with directed interactive topology. As a comparison, [21] - [23] considered the couple-group consensus of discrete-time mixed-order multi-agent systems. This paper aims to investigate the k-group consensus of mixed-order multi-agent systems. Different from [24] and [25] , all agents here have discrete-time dynamics. The contribution of the paper is as follows. Firstly, group consensus protocol is designed for mixed-order multi-agent systems without time delays. Under some assumptions on the interactive topology, it is proved that k-group consensus will be reached if the sampling period and the control gains satisfy certain conditions by employing matrix theory and graph theory. Secondly, group consensus protocol is designed for mixed-order multi-agent systems with communication delays. Sufficient conditions for group consensus have been established by utilizing graph theory and Nyquist stability criterion. Finally, simulations are carried out to verify the validity of relevant results.
The rest of the paper is arranged as follows. Some preliminaries on graph theory are stated in Section II, and the problem formulation is also presented in this section. Section III are the main results. In Section IV, simulation examples are given to illustrate the theoretical results obtained in Section III. The paper is concluded in Section V.
Notation: The following notations will be used in the sequel. 1 n = [1, 1, · · · , 1 n ] T represents the n-dimensional column vector whose elements are all 1. 0 m×n is the m × n all zero matrix. Let I n represent the index set {1, 2, · · · , n}. I n denotes the identity matrix with dimension n. The rank of matrix P is represented by Rank(P). diag(·) denotes a diagonal matrix or a block diagonal matrix. R m×n refers to the set of all m × n real matrices.
II. PRELIMINARIES AND PROBLEM FORMULATION
is a weighted directed graph consisting of n vertices, where V = {1, 2, · · · , n} is a set of vertices, E ⊆ V × V represents the set of edges e ij and A is a weighted adjacency matrix. e ij = (j, i) ∈ E means that agent j can transfer information to agent i. The weighted adjacency matrix A = [a ij ] n×n is defined as a ij > 0 if e ij = (j, i) ∈ E, otherwise a ij = 0. N i represents the set which is composed of all neighbor agents of agent i. The Laplacian matrix L = [l ij ] n×n is defined as
Other terms in graph theory will not be repeated here and readers can refer to [26] for details. Lemma 1 [27] : Suppose that L ∈ R n×n is a Laplacian matrix, and G is a directed graph corresponding to L, then the following three conditions are equivalent:
(1) Rank(L) = n − 1;
(2) The directed graph G has a directed spanning tree;
(3) 0 is a simple eigenvalue of L. Lemma 2 [1] : Let D be a row-stochastic matrix. If D has an eigenvalue one whose algebraic multiplicity is 1, and all the other eigenvalues of D have modulus less than 1, then D is an indecomposable, aperiodic and stochastic matrix (SIA).
Lemma 3 [27] : If a row-stochastic matrix D ∈ R n×n is SIA, then there exists a vector f ∈ R n such that lim
Lemma 4 [28] :
B. PROBLEM FORMULATION
To describe the discrete-time mixed-order multi-agent systems consisting of first-order and second-order agents clearly, we assume that the first m agents are second-order agents and the remaining n − m(n > m, n ≥ 2) agents are first-order agents. The dynamics of the i-th second-order VOLUME 7, 2019 agent is described as:
where ξ i (k) ∈ R, ζ i (k) ∈ R and u i (k) ∈ R are the position state, the velocity state, and the control input of agent i at kT , respectively. Moreover, the i-th first-order agent has the following dynamics:
where ξ i (k) ∈ R and u i (k) ∈ R represent the position state and the control input of the i-th agent at kT , respectively. In both (1) and (2), T > 0 is the sampling period.
To facilitate the following analysis, the adjacency matrix and the Laplacian matrix will be written in block matrix forms, respectively. The adjacency matrix A is written as
where L s and L f are the Laplacian matrices of the second-order agents and the first-order agents, respec- To describe the k-group consensus of mixed-order multiagent systems (1)-(2), we divide the whole system into k subgroups and allocate a unique group label σ i for agent i. Meanwhile, we define σ i = k if agent i belongs to the k-th subgroup, where 1 ≤ k ≤ n. Agent i and agent j belong to the same subgroup if σ i = σ j . Definition 1: [24] If for any initial state values ξ i (0) and
Then, mixed-order multi-agent systems (1)-(2) reach the k-group consensus asymptotically.
III. MAIN RESULTS

A. GROUP CONSENSUS OF MIXED-ORDER MULTI-AGENT SYSTEMS WITHOUT TIME DELAYS
To study the group consensus of discrete-time mixedorder multi-agent systems (1)-(2) without time delays, the following protocol is designed:
where α > 0, β > 0 and γ > 0 are the control gains; θ σ i is a constant corresponding to σ i . For different subgroups, θ σ i takes different values. By applying (3), multi-agent systems (1)-(2) will be written as (4) and for i ∈ I n /I m ,
We are now ready to investigate the group consensus of multi-agent systems (4)-(5) with fixed and directed interactive topology.
Theorem 1: Assume that the interactive topology G of all agents has a directed spanning tree. Group consensus of mixed-order multi-agent systems (4)-(5) will be achieved if the following conditions are satisfied:
Then, mixed-order multi-agent systems (4)-(5) will be written in a matrix form as To simplify the analysis, we introduce ψ i (k) = η i (k) + ζ i (k)(i ∈ I m ). By letting ψ(k) = [ψ 1 (k), ψ 2 (k), · · · , ψ m (k)] T , system (6) will be rewritten as
If the sampling period and the control gains satisfy the conditions (i) − (iii), then all the elements of are non-negative and all the diagonal elements of are positive. Since 1 n = 1 n , we know that is a row-stochastic matrix and 1 is an eigenvalue of .
Taking elementary transformations on − I n+m , we have
Hence, Rank( − I n+m ) = m + Rank(L). We know from Lemma 1 that Rank(L) = n − 1 if and only if the interactive topology G has a directed spanning tree. That is to say, Rank( − I n+m ) = m + n − 1 if and only if G has a directed spanning tree. Thus, if G has a directed spanning tree, we infer from Lemma 1 that has a simple eigenvalue λ = 1 whose algebraic multiplicity is 1.
Since Rank( + I n+m ) = n + m, it can be easily concluded that −1 is not the eigenvalue of . Let = [w ij ]. According to Gerschgorin disc theorem, we obtain that all the eigenvalues of are located in the union of the following n + m discs, which yields to
Noting that w ii > 0, by following the similar technique as in the proof of Lemma 3.4 of [1] , we know that all the eigenvalues of satisfy the property that |λ| < 1 except the eigenvalue one.
Then, by Lemma 2, it can be obtained that is SIA. Based on Lemma 3, there exists some f ∈ R n+m such that lim
Otherwise, we will get that lim k→∞ |ξ i (k) − ξ j (k)| = 0, ∀i, j ∈ I n . By Definition 1, the k-group consensus of mixed-order multi-agent systems (1)-(2) is achieved. This completes the proof.
Remark 1: In most of the existing results about the group consensus of mixed-order multi-agent systems, agents with the same dynamics belong to the same subgroup. [21] and [25] considered the group consensus of mixed-order multi-agent systems, where agents with first-order dynamics belong to one subgroup and agents with second-order dynamics belong to another subgroup. As a comparison, in this paper, we divide all agents into multiple subgroups, where agents with different dynamics may belong to the same subgroup.
Remark 2: For k-group consensus to be reached, in this paper, we allocate a unique constant θ σ i for agent i. Agents with the same θ σ i belong to the same subgroup and these agents will reach consensus by applying the group consensus control laws. This is slightly different from [16] , where each subgroup has its own leader for linear multi-agent systems to reach k-group consensus.
Remark 3:
If n j=1 l ij θ σ j is removed from the group consensus protocol (3), multi-agent systems (1)-(2) will reach consensus asymptotically with protocol (3).
Remark 4: For given communication topology and sampling period T , we first take the values of α and β which satisfy the conditions (i) and (ii). Then choose the value of γ , which satisfies the condition (iii).
B. GROUP CONSENSUS OF MIXED-ORDER MULTI-AGENT SYSTEMS WITH COMMUNICATION DELAYS
In this subsection, we continue to discuss the group consensus of mixed-order multi-agent systems with communication delays.
If there are communication delays among agents, the following group consensus protocol is proposed:
where α > 0, β > 0 and γ > 0 are the control gains; θ σ i is a constant corresponding to σ i . For different σ i , θ σ i takes different values. τ ij (0 < τ ij < τ max ) represents the communication delay from agent j to agent i with τ max being the upper bound of communication delays.
Theorem 2: Suppose that the interactive topology G of all agents has a directed spanning tree. By using protocol (7) , multi-agent systems (1)-(2) will reach the asymptotic group consensus if the following conditions are satisfied:
With group consensus protocol (7) , multi-agent systems (1)-(2) will be rewritten as
and
By z−transformation, (8)-(9) will be reformulated as (10) and
respectively. Define η s (z) = [η 1 (z), η 2 (z), · · · , η m (z)] T , η f (z) = [η m+1 (z), η m+2 (z), · · · , η n (z)] T and L = [ l ij ] n×n , where
To facilitate the analysis, L is partitioned as
where D sf = D sf and D fs = D fs . By letting η(z)=(η s (z) T , η f (z) T ) T , (10)-(11) can be rewritten as
The characteristic equation of (z) can be written as det((z − 1)I − (z)) = 0.
Based on Lyapunov stability theory, the group consensus of (8)-(9) will be achieved if the roots of the characteristic equation (12) are either at z = 1 or in the unit circle of the complex plane. According to the values of z, the following two cases will be discussed. Case 1: If z = 1 and the interactive topology G has a directed spanning tree, then Rank( (z)) = n + m − 1 holds. So we will get det((z − 1)I − (z)) = det( (z)) = 0. Case 2: If z = 1, the characteristic equation (12) is equivalent to det(I + (z)) = 0, where (z) = − (z) z−1 . Let z = e jw , from Gerschgorin disc theorem, all the eigenvalues of matrix (e jw ) are located in the union of C i , which can be written as λ( (e jw )) ∈ i∈I n {C i } with C i being a circle. By Nyquist stability criterion, the roots of the characteristic equation (12) are located in the unit circle if the point (−1, j0) does not belong to the Nyquist curve of (e jw ).
As in [29] , we only need to prove that (−a, j0) is not enclosed by (e jw ) for any a ≥ 1 and w ∈ [−π, π]. The roots of characteristic equation (12) will be discussed for the second-order and first-order agents, respectively.
(I) For i ∈ I m , C i is defined as
By letting M i = j∈N i a ij (i ∈ I m ), we have αT 2 M i e −jwτ ij (e jw − 1)(e jw +βT −1) ≤ αT 2 M i (e jw −1)(e jw +βT −1) .
After simple calculations, we obtain that −a + j0 −
where ρ = 1 − βT < 1.
If βT ∈ (0, 2], we have ρ ∈ [−1, 1). If (A) is satisfied, we will get from Lemma 4 that
This implies that (−a, j0)(a ≥ 1) is not in the circle C i , which means that (−1, j0) is not inside the Nyquist curve of (e jw ). Based on generalized Nyquist stability criterion [29] , we know that all the roots of (12) are located in the unit circle of the complex plane.
(II) For i ∈ I n /I m , C i is defined as
.
After simple calculations, we obtain that > 0, which yields that (−a, j0)(a ≥ 1) is not enclosed by the Nyquist curve of (e jw ). So, (−1, j0) is not located on the Nyquist curve of (e jw ), which means that all the roots of (12) are inside the unit circle. According to Case 1 and Case 2, we know that all the roots of (12) are either at z = 1 or in the unit circle of the complex plane if the conditions (A) and (B) are satisfied. Therefore, multi-agent systems (8)-(9) reach consensus asymptotically. That is,
Otherwise, we will get lim k→∞ |ξ i (k) − ξ j (k)| = 0, ∀i, j ∈ I n . Therefore, multi-agent systems (1)-(2) achieve the asymptotic group consensus with protocol (7) if (A) and (B) are satisfied. Proof is completed.
Remark 5: With protocol (7), mixed-order multi-agent systems with communication delays will reach group consensus if the control gains satisfy the conditions (A) and (B), which are closely related with the communication topology. Arbitrary bounded communication delays can be tolerated in this paper. This is similar to the results in [18] and [30] , where the consensus of discrete-time multi-agent systems with communication delays has been discussed.
Remark 6: As in [14] , theoretical results obtained in this paper are applicable to the implementation of multiple complex subtasks in the collaborative control of multi-agent systems.
IV. NUMERICAL EXAMPLES
Simulation examples are given in this section to demonstrate the validity of the theoretical results.
We consider a multi-agent system consisting of 5 agents, where agents 1-3 have second-order dynamics and agents 4-5 possess first-order dynamics. The interactive topology G of all agents is shown in Fig. 1 . We can see from Fig. 1 that the interactive topology G has a directed spanning tree. To address the group consensus problem, the whole system is divided into two subgroups. The first subgroup G 1 includes agents 3 and 5, while agents 1, 2 and 4 belong to the second subgroup G 2 . The adjacency matrix of G is Example 1: For multi-agent systems without time delays, T = 0.2s is selected in this example. We take β = 3, which satisfies the condition (i) of Theorem 1. Since max i j∈N i a ij = 0.9(i ∈ I n ), α = 2 and γ = 2 are selected for the conditions (ii) and (iii) of Theorem 1 to be satisfied. θ σ 1 = θ σ 2 = θ σ 4 = 2 and θ σ 3 = θ σ 5 = 7 are taken in this example. Under group consensus protocol (3), the position trajectories of all agents and the velocity trajectories of second-order agents are shown in Fig. 2 and Fig. 3 , respectively. The position states of agent 1, agent 2, agent 4 reach one consensus value, and the position states of agent 3, agent 5 reach another consensus value. Mixed-order multi-agent systems(1)-(2)achieve group consensus asymptotically, which is consistent with the results in Theorem 1. for i ∈ I n /I m , which implies that the conditions (A) and (B) of Theorem 2 are satisfied. In this example, we take θ σ 1 = θ σ 2 = θ σ 4 = 4 and θ σ 3 = θ σ 5 = 5. The communication delays are selected as τ 12 = 3, τ 24 = 2, τ 31 = 4, τ 45 = 1, τ 52 = 3, and the other communication delays are all zero. By applying protocol (7) , the position trajectories of all agents and the velocity trajectories of second-order agents are shown in Fig. 4 and Fig. 5 , respectively. Group consensus of mixed-order multi-agent systems(1)-(2)is reached as guaranteed by Theorem 2.
In addition, we change the values of the communication delays to validate the effectiveness of our theoretical results. The sampling period and the control gains are kept the same as above. The communication delays τ 12 = 300, τ 24 = 2, τ 31 = 4000, τ 45 = 100, τ 52 = 3 are selected here, and all the other communication delays are zero. With protocol (7), the position trajectories of all agents and the velocity trajectories of second-order agents are shown in Fig. 6 and Fig. 7 , respectively. Multi-agent systems (1)-(2) reach group consensus for the case where the communication delays are relatively large.
V. CONCLUSION
This paper has investigated the group consensus of mixed-order multi-agent systems consisting of first-order and second-order agents. Group consensus protocols have been designed for mixed-order multi-agent systems without and with communication delays, respectively. Under certain assumptions, sufficient conditions have been presented for group consensus of multi-agent systems without time delays using matrix theory and graph theory. Nyquist stability criterion has been applied to derive sufficient conditions, under which mixed-order multi-agent systems reach group consensus asymptotically when communication delays exist. Finally, simulation examples have been provided to validate the effectiveness of obtained results. Future work will focus on studying the leader-following group consensus of mixedorder multi-agent systems with time delays.
